It is not uncommon for conventional ballasted railway track systems to have unsupported sleepers due the uneven settlement of the ballast or subgrade. In order to investigate the possible implications of unsupported sleepers, this paper describes the development of a dynamic finite element model which includes wheel/rail friction. The developed model was used to investigate the behavior of a section of existing track on the ballasted Shuohuang heavy haul railway line in China. The investigation showed that the maximum displacement of the rails and sleepers increases significantly with the number of consecutive unsupported sleepers. Furthermore, the magnitude of the displacement between an unsupported sleeper and the ballast is likely to greatly exacerbate ballast/sleeper attrition and reduce the fatigue life of the hanging sleeper. An increase in the number of unsupported sleepers amplifies these effects. In addition, it was found that the sleepers adjacent to unsupported ones carry an additional load resulting potentially in their increased wear and additional damage to the substructure. To better understand the wider implications of the presence of unsupported sleepers on track performance, the stability, safety (in terms of derailment) and potential for rail and substructure damage were computed as a function of the number of unsupported sleepers (one to four) and compared with specifications. The results showed that the number of unsupported sleepers has a significant adverse impact on all four measures. However, while the effects on stability, safety and rail damage were within the limits suggested in specifications, even when four sleepers were modeled, the potential for substructure failure within a typical design life of the railway system was identified.
Introduction
Several studies have found that poorly supported sleepers, which are badly embedded or do not touch the ballast, commonly occur on heavy haul railway lines. For example, in separate studies Augustin et al. 1 and Li and Sun 2 found that over 50% of the sleepers they investigated on a number of railway lines could be considered to be poorly supported or unsupported. Such sleeper support conditions are usually caused by ballast or subgrade stiffness variation, particularly when the ballast is in a poor condition. Underneath unsupported sleepers the vertical track stiffness is very low causing high wheel/rail contact forces and increased rates of track settlement and wheel flats. In sections of the track with unsupported sleepers the adjacent sleepers carry an increased load which in turn may overstress the ballast in these areas and cause additional differential settlement, accelerating track settlement further. 3 If a method can be developed to measure the contact force or, in general, the vertical reaction of the ground acting on the wheel, then this would make it much easier to identify areas with a substantial number of consecutive unsupported sleepers.
There is an extensive literature on various aspects associated with the problem of unsupported sleepers.
For example, Nielsen and Igeland 4 showed, using a numerical model of the track system, that wheel/rail contact forces are exacerbated as a result of increases in the dynamic loading on neighboring sleepers. This phenomenon was found to worsen as the train speed increased. The effects of train speed and the number of unsupported sleepers were also studied by Zhu and Zhang 5 using a coupled vehicle/track model which was verified by laboratory experiments undertaken on an indoor wheel/rail test rig. They found that the sleeper spacing and the localized sleeper support stiffness were major factors influencing the size of the wheel/rail contact forces.
Grassie and Cox 6 demonstrated, by means of a dynamic model and laboratory investigations, that in the absence of sleeper support, concrete sleepers are likely to crack due to a dynamic contact force acting on an unsupported section of track.
The effect of the size of the gap between an unsupported sleeper and the ballast on the wheel/rail normal contact force was considered by Zhang et al. 7 using a dynamic model of the vehicle and track in which the vehicle was represented as a multi-body system, and the track as a three-layer model consisting of the rails, sleepers and ballast. They showed that the greater the gap the greater the normal contact force and therefore the greater the potential for increased damage to the track structure.
Zhu et al. 8 and Lundqvist and Dahlberg 9 developed computer models to simulate dynamic train/ track interactions and studied the influence of one or more unsupported sleepers on wheel/rail and sleeper/ballast contact forces, respectively. The simulation results showed that the unsupported sleepers can induce an impact load between the wheel and the rail.
Using the computational model developed by Lundquist and Dahlberg 9 , Witt 10 showed that under sleeper pads (USPs) placed under hanging sleepers can significantly reduce the wheel/rail contact forces and that USPs with higher stiffness levels are more effective at reducing the stress levels than ones of lower stiffness.
The effect of an unsupported sleeper on stress changes in the subgrade was investigated by Yang et al. 11 using a two-dimensional dynamic finite element model (FEM). They found that an unsupported sleeper may lead to significantly increased stresses in the subballast layer below a neighboring sleeper. However, the effects of an unsupported sleeper, in terms of increases in stress level, diminish rapidly with depth.
The research presented in this study complements these studies in that it investigates, in the context of a heavy haul railway line, the effect of unsupported sleepers on track vibration, safety and potential subgrade failure. This is achieved using a dynamic threedimensional FEM of the train/railway structure system which includes wheel/rail friction.
Simulation model of the coupled vehicle/ track dynamics FEM. In order to investigate the influence of unsupported sleepers on the train/track dynamic response, a three-dimensional dynamic FEM of the track vehicle system was built using the ABAQUS software package. 12 The freight wagons were idealized as a multi-body system consisting of a car body, bolster, frame and wheel set, with spring/dashpot suspensions between the four components as shown in Figure 1 . The associated parameters required for modeling of the four components are listed in Table 1 . The system was constrained so that only vehicle vibration in the vertical plane was allowed. Therefore, the movement of the car body could be described by vertical, pitching and rolling movements, the frame by vertical and pitching movements and the wheel set by vertical and rolling movements. Accordingly the idealized model of the wagon could be described by 18 degrees of freedom.
The track system was built to represent a 100 m long section of the ballasted Shuohuang heavy haul railway line in China. This 588 km long railway line is an important route in China's coal corridor and currently carries 6,800,000 t of freight per year with axle loads of 25 t and in the next 10 years this is set to increase to 100,000,00 t per year with a corresponding axle load of 30 t. The modeled section, representing a typical length of the of the Shuohuang railway, consists of 75 kg/m continuously welded rail laid to a gage of 1435 mm, supported by concrete sleepers at a spacing of 0.6 m, placed on a 0.6 m deep layer of ballast and subballast supported on an embankment (see Figure 2) . The embankment consists of three distinct layers 13 : an upper layer of stiff sand gravel (approximately 0.7 m deep); a middle layer, 2.3 m deep, consisting of ''Class A'' engineering fill as specified in the Chinese design standard and to be made up of at least 50% gravel, sand and silt. 13 The bottom 3 m deep layer consisted of medium-strength sand silt. 13 The track was modeled as a three-dimensional dynamic system. Solid linear elastic elements, with eight nodes, were used to model the rail, sleepers, ballast and embankment. The properties of the materials used for modeling purposes are given in Table 2 and were determined from a number of field and laboratory tests as described in the literature. 11, 14 Rail fasteners with a vertical stiffness and damping coefficient of 78 kN/mm and 50 kN.s/m, respectively, were used in the simulations. 15 Infinite elements were used at the boundaries of the embankment to overcome the problem of the reflection of the generated stress waves. A Hertzian nonlinear contact spring with a unilateral restraint was used to represent the contact force between the wheel and rail, enabling the simulation of loss and recovery of the contact. 16 In general, the resilient modulus for both the granular and fine-grained materials is stress dependent, and therefore the accurate characterization of material properties for modeling purposes requires the stress dependency to be taken into account using appropriate constitutive models. 3 However, an analysis was carried out which demonstrated that the modulus values of the relatively stiff materials in the embankment considered below a depth of approximately 0.6 m, subject to dynamic loads, can be accurately represented using a linear model (see Figure 3 ).
The resulting model was 100 m long, 7.9 m wide and 20 m deep and the FEM mesh, shown in Figure 4 (a), comprised of a total of 124,357 elements and 176,268 nodes. For the rail, the mesh size was set to be equal to 0.01 m by 0.01 m (see Figure 4 (b)).
The FEM was built using the commercial finite element program ABAQUS, which has an effective explicit solver. The time step is automatically made small in order to maintain numerical stability. A beneficial by-product is that high-frequency variations are well represented. Accordingly, a typical simulation of a complete vehicle passage of the 100 m length track at the speed of 140 km/h takes approximately 48 h of computational time on a 2.0 GHz processor with a Windows 7 operating system. Verification of the model. To validate the FEM used in this study, calculated vertical accelerations of the rail, sleeper and subgrade were compared with field measurements obtained by Shi et al. 17 for the same section of the Shuohuang railway line. Although it is recognized that an accurate validation of the dynamic response of the model should be carried out by comparing time history data of the model's response with that measured in the field, the required field data was not available. Consequently, a comparison was made of the vibration levels and maximum accelerations measured in the field and those computed using the FEM for the rail, sleeper, the bottom of the ballast and at a depth of 2 m below the ballast bottom. These are shown in Table 3 . Although the computed values are slightly higher than those measured in the field, generally they are in reasonable agreement. It is felt that the lower values determined from the field measurements may be due to high rainfall which occurred before the acceleration measurements were made, but after the field tests which were carried out to determine the properties of the embankment materials which were used to characterize the FEM.
Effect of unsupported sleepers on the response of the vehicle/embankment system Modeling unsupported sleepers. Li and Sun 2 investigated the occurrence of unsupported sleepers on heavy haul freight lines in China which have similar characteristics in terms of their structural design, operating speeds and loads to the Shuohuang heavy haul railway line studied herein. They found that up to 50% of all sleepers could be considered as unsupported and that a typical length of track in which unsupported sleepers were found was between 1 and 4 m. The gap between the sleepers and ballast was found to be between 2 and 4 mm in height. Bearing this in mind, and taking into account the work by Zhang et al. 7 , which showed a positive correlation between the height of the gap and an increase in dynamic load on the track system, a 4 mm ballast sleeper gap was selected for the analysis of unsupported sleepers. The gap was simulated in the model by removing the contact underneath the sleepers, as shown in Figure 5 . Trains were assumed to operate at the line speed of the site under consideration, namely 140 km/h.
Effect on displacements and forces. Clearly the displacement of the unsupported sleepers and rail would be expected to be higher than that of fully supported track and is illustrated by Figure 6 which shows the maximum rail and sleeper displacement as a function of the number of unsupported sleepers. From these figures it can be seen that the maximum displacement of both components increases significantly with the number of consecutive unsupported sleepers as does the rate of increase of the displacement. Evidently, the abrupt change of rail displacement in the zone of unsupported sleepers will reduce ride comfort. Furthermore, for the case considered, where the gap between the sleepers and the ballast was set at 4 mm, when three or four unsupported sleepers occur consecutively the predicted maximum sleeper displacement is greater than the size of the gap. This will evidently result in dynamic contact between the unsupported sleepers and the ballast and is likely to increase ballast/sleeper attrition and reduce the fatigue life of the sleeper.
A further consequence is that the sleepers adjacent to the unsupported ones carry additional load resulting potentially in increased wear of components and damage to the substructure (see following discussions). To illustrate this, Figure 6 (a) shows the maximum reaction force of the fastener on the adjacent sleeper as a function of the number of unsupported sleepers, from which it can be seen that the reaction force increases significantly with the number of consecutive unsupported sleepers as does the rate of increase of the reaction force. For example, the reaction force on the fastener increases by approximately 35% when there is only one supported sleeper, but by approximately 220% when there are four consecutive unsupported sleepers. Such an increase in the load on the fastener would cause it to suffer much greater fatigue damage and may result in it failing prematurely.
Effect on track performance. To better understand the wider implications of the presence of unsupported sleepers on track performance, measures of the stability, safety (in terms of derailment) and potential for rail and substructure damage were computed using the FEM and compared with specifications. For each measure, the effects of between one and four consecutive unsupported sleepers were investigated, representing the length of track which Li and Sun 2 reported as being found unsupported. Each simulation was computed using the existing 250 kN axle load for the vehicle traveling at the line speed of 140 km/h.
Stability. Railway organizations commonly use the maximum vertical acceleration of the vehicle as a measure of stability, for example, an upper limit of 0.7 g is specified in Chinese standards for heavy haul railways.
18 Figure 7 shows the calculated accelerations for the four considered sleeper support cases, from which it may be seen that there is a rapid nonlinear increase in the magnitude of the acceleration of the wagon as the number of consecutive unsupported sleepers increases. The maximum computed value of the vertical acceleration for two, three and four consecutive unsupported sleepers are 35, 69 and 138% higher, respectively, than that for one unsupported sleeper. However, the accelerations calculated in all cases are well below the upper limit stipulated in the Chinese standards which suggests that the presence of unsupported sleepers is unlikely to affect train stability.
Safety. The axle load decrement ratio (PD) is a common measure of the likelihood of train derailment and is defined as follows
where Q s and Q denote the static and dynamic wheel loads, respectively. Since the lateral stability of the wheel is a function of the vertical load acting on it, the higher the PD the lower the lateral stability and the greater the risk of derailment. Chinese railway standards specify an upper limit of 0.6 for PD.
18 Figure 8 shows the computed PD for the four cases considered. It may be seen that a significant peak in PD occurs between 1.5 and 1.6 s for all four cases. This coincides with the areas of unsupported sleepers. It is also evident that the potential for derailment increases with the number of unsupported sleepers, although in all cases the computed PD is well below the maximum limit specified in the Chinese standards.
Wheel/rail deterioration. The wheel/rail contact force is a parameter commonly used to assess the likelihood of excessive wheel or rail deterioration. Research by the former British Rail suggests that its maximum allowable value of transient low-frequency vertical wheel/rail force should be approximately 250 kN. 19 Computed values of the contact force are shown in Figure 9 from which it may be seen that the minimum values occur in the zone of unsupported sleepers and that the magnitude of the contact force for an unsupported zone of sleepers is less than that for fully supported track (refer to previous discussion). Local peaks in the magnitude of the contact force occur at the beginning and end of the zones of unsupported sleepers and may be considered analogous to the effects of a train moving from high to low zones of stiffness and vice versa and may result in increased component wear locally. 17 The maximum wheel/rail contact force was found to be 139.9 kN, corresponding to the case of four consecutive unsupported sleepers, and occurs because of the resulting abrupt change of track stiffness. It is, however, less than the maximum limit suggested by British Rail. The contact force decreases to 129.1 kN when there is only one unsupported sleeper.
Potential to cause substructure damage. As mentioned previously, an additional load is carried by the sleepers adjacent to the unsupported ones and as a consequence the underlying substructure will be subject to increased stresses and these in turn may cause the materials in the substructure to fail prematurely. Of particular interest are the induced deviator (shear) stresses in the embankment since soils tend to fail through shear. 20 Figure 10 shows the computed vertical stress field on the surface of the embankment of the modeled section of the Shuohuang railway line when a railway vehicle traverses a zone of four consecutive unsupported sleepers. The change in the stress pattern as a vehicle approaches and passes over the zone of unsupported sleepers is evident as are the resulting stress concentrations in the vicinity of the unsupported sleepers. Figure 11 shows the calculated train-induced deviator stress as a function of the number of unsupported sleepers at different depths into the embankment. The effect of unsupported sleepers, in terms of increase in deviator stress, is particularly evident at depths of up to 3 m below the ballast. At the top of the embankment, the values of the induced deviator stress for one, two, three and four consecutive unsupported sleepers are 1, 6, 25 and 60% higher, respectively, than the case where all the sleepers are fully supported.
To investigate the potential damage to the materials in the embankment a model of material performance suggested by Li and Selig 20 was used to determine the plastic strain, " p , from the induced deviator stress, d and the number of load cycles, N, as follows
where s is the soils compressive strength and a, m, b are material parameters related to the soil type. The material parameters (a, m, b) used for the study reported here are given in Table 4 . For the upper two layers in the embankment (i.e. gravel and engineering fill) they were determined from cyclic triaxial tests carried out on samples taken from the embankment by Dong 14 , while those for the siltsand layer were based on values suggested by Li and Selig.
20 Figure 12 shows the calculated cumulative plastic strains under the most adjacent supported sleeper as a function of the number of unsupported sleepers and the number of load cycles at the top of each of the three layers of the embankment. As expected, in all layers the plastic strain increases with both the number of loading cycles and the number of unsupported sleepers. However, the effect of the number of unsupported sleepers on the rate of increase of settlement with loading cycles becomes less apparent with depth and is due to the lower deviator stresses at depth which are partly offset by weaker material properties. In the upper layer for example, an increase in the number of unsupported sleepers from one to four at 10 10 load cycles results in the plastic strain increasing by approximately 230% (from 0.6 to 2%). At the top of the second layer the corresponding increase in plastic strain is 42% (from 1.2 to 1.7 %) and 20% (from 0.1 to 0.12%) at the top of the lower layer.
Assuming a conservative limit of plastic strain of 1.75% in order to prevent shear failure in any of the three layers in the embankment 21 , the number of cycles to failure for the materials in the three layers immediately underneath the most adjacent sleeper to the unsupported ones, are given in Table 5 . From Table 5 it may be seen that, as expected, for all three layers the number of cycles to failure decreases as the number of unsupported sleepers increases. This is a result of the most adjacent sleeper to the unsupported sleepers carrying additional load which is then transferred to the materials in the underlying embankment. The effect is most pronounced in the upper layer where the presence of one, two, three and four unsupported sleepers reduces the number of load repetitions which the layer can withstand before failure by 2.7, 36.3, 60.3 and 93.6%, respectively. Because of its weaker material properties the middle clay layer is likely to fail first (i.e. after the fewest number of load cycles).
The effect of the reduction in the number of cycles to failure of the materials in the embankment may be seen by considering the design life of the embankment materials. Assuming that the Shuohuang railway line is designed to carry 100,000,000 t per year for 100 years using wagons with a wheel load, N 150, equal to 150 kN (refer to previous discussion) then the number of equivalent load repetitions N 125 of a 125 kN axle load can be determined using equations (3) and (4), and are given in Table 6 .
where T d is the total number of gross tonnes carried over the design life, g is the acceleration due to gravity and L s is the wheel load. It should be noted, that it is conventional to assume that the two axles of a leading bogie and the two of a trailing bogie (i.e. eight-wheel loads) constitute a single load application as this configuration has been shown to be equivalent to a single pulse at depths below approximately 0.6 m. 20 Using equation (4) the equivalent number of wheel loads N 125 of 125 kN is then given by 22
where d125 and d150 are the deviator stresses at the top of each layer determined from the FEM for a wagon with wheel loads of 125 and 150 kN, respectively.
Comparing Tables 5 and 6 it may be seen that the materials in the sandy gravel and silty sand layers are unlikely to suffer shear failure, in their present condition, irrespective of the number of unsupported sleepers considered. However, the middle engineering fill layer may be at risk of failure before the end of the design life if four or more voided sleepers occur together for the entire period of the design life considered since the calculated number of load repetitions to which it could be subjected over the 100 year design life (3.88 Â 10 9 ) is greater than the computed number of load repetitions to which the fill may be subjected before it fails (1.92 Â 10 9 ). 
Conclusions
The occurrence of unsupported sleepers is common on many conventional ballasted heavy haul railway lines and their adverse effects on track performance are likely to be exacerbated as freight train loads and speeds increase. To investigate the potential effects of unsupported sleepers a dynamic three-dimensional liner elastic FEM, which incorporates wheel/rail friction, was developed and used to study the potential for increased track component and substructure damage, vehicle stability and safety (in terms of derailment). The ballasted Shuohuang heavy haul railway line in China was used as a case study.
The following conclusions may be drawn from the study.
1. The magnitude of the vehicle acceleration and its axle load decrement ratio increases with the number of unsupported sleepers. However, a preliminary investigation showed that the value for Table 6 . The number of equivalent cycles to which materials in the embankment will be subjected. the commonly used measures of ride comfort and safety would remain within limits specified in relevant railway standards, provided that the speed of the vehicle is not increased unduly. 2. The amplitude of rail and sleeper displacement in areas where unsupported sleepers are present increases with the number of unsupported sleepers. Where there are three or more consecutively unsupported sleepers the magnitude of these displacements is likely to result in contact between the unsupported sleepers and the ballast resulting in increased sleeper ballast attrition and a likely reduction in the fatigue life of the sleeper. 3. The sleeper adjacent to an unsupported sleeper was found to be subjected to increased dynamic loads which are likely to result in increased rates of fatigue damage to the associated track components, such as sleeper fasteners. Increasing the number of unsupported sleepers amplifies this effect. 4. The additional load carried by sleepers adjacent to unsupported ones is distributed through the underlying substructure and may result in its premature failure. 5. Given these results, there is a need to ensure that the adequate inspection and maintenance regimes are in place to reduce the occurrence of unsupported sleepers. If a method can be developed to measure the contact force or, in general, the vertical reaction of the ground acting on the wheel, an area with a substantial number of consecutive unsupported sleepers can be identified much easier.
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